Investigations of modal parameters for a mistuned packet of turbine blades due to lacing wire damage are reported using analytical and numerical studies with a simplified model. The turbine blade is assumed to be an Euler-Bernoulli beam connected with a lacing wire which is modeled as a mass less linear elastic spring. Thus, the blade is considered as a continuous system and lacing wire as a discrete system. The analytical results using Eigen value analysis are compared with numerical results obtained using commercial finite element package. In real life situation, though not reported in the literature, it is the failure of lacing wire that occurs quite often compared to the turbine blade and acts as precursor to the subsequent blade damage if it goes undetected. Therefore, studying the modal parameters of the grouped turbine blades in the context of lacing wire failure becomes important. The effect of variation of lacing wire location and stiffness indicative of damage resulting in the loss of stiffness on modal parameters is investigated. The study reveals a lot of fundamental understandings pertaining to dynamic behavior of grouped blades compared to the stand-alone blade under the influence of damaged lacing wire.
Introduction
Turbine is the most widely used prime movers in power plants, turbo engines, and compressors in aircrafts and also in auxiliary turbo driven equipment such as turbo pumps. Turbine blade vibration and its failure under high cycle fatigue is an important area of research studies due to its critical applications. The blade failures are mainly due to resonant stresses when one of the natural frequencies of blade-disk system matches the nozzle passing frequency. Design of these turbomachine blades thus critically depends on accurate understanding of the blade vibration characteristics under varied operating conditions. However, modeling and analysis of turbine blade vibration becomes quite complex due to continuously tapered and twisted cross-section and blade to blade dynamic coupling through lacing wire or shroud rings.
Almost 50% of low pressure steam turbine blade failure is due to fatigue caused by vibration [1] . A turbine blade is a complex geometry having aerofoil shape with varying width and thickness along its length. Most of the early research works have been based on simplified cantilever beam modeling where effects of root flexibility and crack in the stand-alone blade have been studied [2] [3] [4] [5] [6] [7] [8] [9] . However, the dynamics of grouped blades is even more complex than a free stand-alone blade.
Rao [10] has summarized the vibration behavior of turbine blades studied numerically and experimentally in the past in his book. In the recent past, research on turbine blade has focused on blades in a packet. There are many advantages of packeted turbine blades connected with lacing wire. For instance, resultant natural frequency increases with the number of blades in group and stiffening due to interconnection of blades with the lacing wire.
Smith [11] has made significant contribution in determining the group frequencies and mode shapes of a blade packet. He also discussed the use of lacing wire in turbine blade groups. Ellington and McCallion [12] simplified Smith's analysis by using finite difference calculus to the special case of blade group with a tie wire which joins the blade tips together.
Prohl [13] used lumped parameter approach by considering series of concentrated masses and concentrated stiffness 2 Advances in Acoustics and Vibration to model the blade group. A modified Holzer technique was used to calculate the natural frequencies and mode shapes. Rao [14] employed energy approach using Hamilton's principle to derive the equations of motion and the boundary conditions. Bajaj [15] has used the finite element method to determine the natural frequencies of packeted blades in coupled bending-bending-torsion modes. Thomas and Belek [16] have also used finite element model for a group of blades with rectangular cross-section to find modal parameters in the tangential mode. Salama and Petyt [17] have used finite element model and periodical structural analysis of the tangential vibration of packeted blades; both the positions of the lacing wire and rotations were taken into account.
Lim and Yoo [18] have studied modal analysis of multiblade system undergoing rotational motion. It is reported that the increase in rotational speed increases stiffness of the system there by increasing the natural frequencies. They have also reported that increase in coupling stiffness increases the gap between the frequency loci. Lim et al. [19] have also reported the frequency split due to N number of blades in an Np number of packets as N/Np + 1. They have considered tapered cantilever beam and used finite element approach for modal analysis.
These research works mainly focused on tuned blade packet, in which all the blades are considered to be identical to each other. However, mistuning may exist in the form of blade to blade variation in structural and geometrical properties due to manufacturing tolerances, operational wear and tear, or incipient crack growth. Effect of mistuning in a blade group was first investigated by Ewins [20] . Wei and Pierre [21] studied mistuning caused by geometric variations and reported that even a small mistuning in such cases can lead to vibration localization and amplification of stress amplitudes in the blades. Castanier and Pierre [22] have presented a review on reduced-order modeling, simulation, and analysis of the vibration of bladed disks found in gas-turbine engines, in which applications to system identification and design are also considered. An emphasis is placed on key developments that have enabled better prediction and understanding of the forced response of mistuned bladed disks, especially with respect to assessing and mitigating the harmful impact of mistuning on blade vibration, stress increases, and attendant high cycle fatigue.
Hou [23] worked with lumped parameter model, in which the local degradation in stiffness due to blade crack is expressed with a flexibility matrix. Effect of near root blade crack on stability of a packeted blade has been investigated by Huang and Kuang [24] . Fang et al. [25] analysed the mistuned system as cantilever beams interconnected with springs and used fracture mechanics to determine crack induced stiffness loss in a beam (Figure 4 ). It is reported that crack in the blade may not cause a significant frequency change, but it may lead to forced vibration localization in a periodic structure under loss of cyclic symmetry. Saito et al. [26] considered crack as a nonlinear stiffness and used reduced order modeling for studying the effect of blade damage on vibration response characteristics.
In all these research works, mistuning has been limited to blade damage only. However, practical experience shows that lacing wire damage or breakages are more frequent than blade damage during the operational period of the turbine as they come directly in the path of steam flow/gas flow. The damage may be initially a small surface crack and if left unattended or undetected, such damages finally induce stress localization in the blades leading to blade failure. Unfortunately not much research work has been reported in this area, particularly for blade packets with lacing wire damage. The present work focuses on investigating the effect of lacing wire damage on loss of cyclic symmetry in a blade packet and subsequent characteristic changes in the modal properties. Both lacing wire at the blade tip and lacing wire at an intermediate position are considered. Effect of relative stiffness of the lacing wire to blade stiffness on the modal spectrum for a tuned and mistuned blade packet is investigated. Further studies have been carried out to characterize modal properties for varying damage severity and damage at different locations in the lacing wire loop.
Modeling and Analysis of Tuned Blade Packet
The turbine blades and disk system is cyclic structure consisting of a number of blade packets. Each packet has multiple blades interconnected with lacing wire or shroud ring. Low pressure turbine stages have long slender blades which undergo high bending deformation caused by natural frequencies in the lower operating range. These blades go through transient resonant condition at nozzle passing frequency [10] . In order to limit the vibratory deformations, these blades of low pressure stages are often stiffened with lacing wire connections. These lacing wires are actually rods of circular cross-sections and are connected with the blades using brazing material. A typical turbine blade disk system with lacing wire interconnection is shown in Figure 1 . It can be seen that the blades are arranged in groups called blade packets. Each blade packet consists of a small number of interconnected blades (generally five to seven bladse for low pressure turbine stages). The packeted blade disk configuration can be considered as a domain composed of identical subdomains that have symmetry with respect to an axis. Analysis of only one of the subdomains represents the key in obtaining major savings in computation time. The subdomain or sector builds up the whole domain by rotating the subdomain by 2 / , where is the number of identical sectors. Thus, dynamic modeling and analysis is done for one blade packet ( Figure 2 ) only with appropriate boundary conditions and this saves considerable amount of computational work and time.
In the present study, it is assumed that failure of the lacing wire would occur gradually through crack growth resulting in a reduction in its stiffness. Stiffness value of the lacing wire is varied as a ratio to the blade stiffness. The objective in the present work is mainly to find answers to following questions. (i) In what way dynamic behavior and modal characteristics of free standing blade configuration to interconnected blade packet configuration differ and how do these modal characteristics depend on the relative stiffness and location of the lacing wire, number of blades interconnected in a packet, and so forth?
(ii) What would be the qualitative and quantitative shift in the modal properties of the affected blade packet in case of a partial damage/crack or complete breakage in a lacing wire?
In what way the changes in the modal properties can be used to identify the severity and location of the lacing wire damage?
A mathematical formulation is presented here for a typical three bladed packets with lacing wire positioned at the blade tip initially and subsequently similar analysis for lacing wire at an intermediate position is presented in later sections. Lacing wires are modeled as a spring laterally connected to the blades and governing differential equations of free vibration are derived using Euler-Bernoulli beam theory. The spring force coming from the lacing wire modifies the shear force (SF) boundary condition (BC) at the connection points and this is the fundamental reason why modal properties of an interconnected bladed packet are different from those of free standing blades. Modal analysis of cantilever with spring Figure 4 : Finite element models for three prismatic blades connected with lacing wire at the free end.
Tuned Blade Packet with Lacing Wire Connection at the Blade Tip
In the analysis, the blades are modeled as parallel cantilever beams fixed at the disk end ( = 0) and restrained by the springs (representing the lacing wire stiffening) at the free end ( = ) as shown in Figure 3 . Lacing wires have been represented by springs. In tuned condition, the stiffness parameter of the springs 1 and 2 will be equal. A mistuning caused by a lacing wire crack or damage can be captured in the model by setting different values for the stiffness. Eigen value analysis for a single blade connected with a lacing wire at the free end is a classical vibration problem found in the standard book [20] . It is extended appropriately for a packet. The % error in the results of natural frequencies in the submodes of three bending modes of vibration obtained with both methods is less than 1%.
The equations of motion of free vibration for the blades are given by (
The above equation is well known as Euler-Bernoulli equation for a uniform cross-section beam, for which the solution exists in the form
where the mode shape function ( ) is expressed as
such that natural frequency can be obtained as
BC's for the upper blade are as follows.
At 1 = 0, 1 ( 1 ) = 0 and 1 ( 1 ) = 0; therefore, 3 = − 1 and 4 = − 2 .
At 1 = , 1 ( 1 ) = 0, and
give two equations BM and SF, respectively,
BC's for the middle blade are as follows.
At 2 = 0, 2 ( 2 ) = 0 and 2 ( 2 ) = 0; therefore, 7 = − 5 and 8 = − 6 .
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BC's for the lower blade are as follows.
At 3 = 0, 3 ( 3 ) = 0 and 3 ( 3 ) = 0; therefore, 11 = − 9 and 12 = − 10 .
Using the above equations, one gets the frequency equation in a determinant form as
Since EI/ 3 is a measure of flexural stiffness of a beam, the parameter represents the stiffness ratio between the lacing wire and the cantilever beam.
Although, in the present analytical work, we have considered three blades, the same procedures can be extended for a blade packet having more numbers of blades. The determinant in (11) is a function of two primary variables, and . Since all the lacing wire segments are identical in undamaged state, equating the determinant to zero in (11) provides the set of natural frequencies for a tuned blade packet for a given value of stiffness ratio, . Table 1 presents the natural frequency values of the blade packet for a range of stiffness ratios ( = 0.1, 0.25, 0.5, and 1.0).
The numerical approach using finite element analysis (FEA) is carried out with the commercial software ANSYS 13.0. The solid45 brick element is used for meshing the blade and combin14 element is used for lacing wire. The mesh sensitivity analysis is done to ensure the optimum size of element. The results are compared for = 0.1 in Table 2 .
The % error in the results of natural frequencies in the submodes of three bending modes of vibration obtained with both methods is less than 1%.
Corresponding mode shapes (for = 0.1) for the three submodes in case of first, second, and third modes are presented in Figures 5, 6 , and 7.
In Figure 5 (a), all the blades are vibrating in phase, which means springs are not undergoing any deformation and thus are not contributing any restraints on the beams. This is why the first submode natural frequency is the same as the natural frequency of the free standing blades.
In Figure 5 (b), outer blades are out of phase, whereas the central blade remains undeformed. In Figure 5 (c), outer blades are in phase and the central blade is out of phase. This gives higher frequency values for submodes II and III.
The following characteristics can be noted from the frequency values as given in Table 1 . frequency of the stand-alone blade and the remaining submode frequencies are additional in the frequency spectrum.
(ii) The second and third submode natural frequencies are higher than the basic mode natural frequency and their difference from the basic mode natural frequency is directly related to the stiffness ratio . As increases, these submode frequencies increase higher and higher ( Figure 8) . Thus, the values of the second and higher submodes give an indication of the relative strength of the lacing wire stiffness with respect to that of the blade and hence any change in lacing wire stiffness due to a crack or damage is expected to change these frequencies.
(iii) The submode natural frequencies of the first mode are more sensitive to the presence of lacing wire than the frequencies in higher modes. This is due to the position of lacing wire at the blade tip, which happens to be the antinode of first mode shape. Thus, a spring at the blade tip constrains the first mode to maximum extent and thereby changes the frequencies associated with the first mode. Figure 8 shows the same quite distinctly.
Analysis of Mistuned Blade Packet due to Damage in Lacing Wire
During operation, lacing wire often develops crack resulting in stiffness loss. When the lacing wire undergoes full cracking, the spring stiffness becomes zero. This reduction in stiffness in one of the lacing wire segments introduces mistuning in the blade packet. This modifies the natural frequencies of the blade packet which is investigated and presented below. Figure 9 shows partially damaged lacing wire segment between second and third blades, whereas the lacing wire segment between first and second blades is presumed to be undamaged. As a result of damage, spring stiffness 2 becomes less than 1 . In case of complete breakage of this lacing wire, 2 reduces to zero (Figure 10) . A damage severity factor can be defined as
As lacing wire damage increases, 2 decreases compared to 1 due to which Δ goes on increasing and thus damage severity factor increases from zero to finally one, when the lacing wire undergoes full cracking.
Advances in Acoustics and Vibration For a typical lacing wire damage, frequency determinant equation (11) is evaluated with reduced spring stiffness ratio of 2 corresponding to the reduced value of 2 = (1− ) * 1 . The corresponding frequency values of the modified mistuned system for varying degrees of damage severity ( varying between zero and one) are presented in Tables 3, 4 , 5, and 6 for = 0.1, 0.25, 0.5, and 1.0.
It can be noted from Tables 3, 4 , 5, and 6 that all the submode frequencies in all the modes are reducing with the increase in lacing wire damage severity from 0 to 1. The drop in submode frequencies is more in the tuned system with the higher value of . It can be further observed that drop in submodes frequency of the fundamental mode is higher compared to submodes frequency of the higher modes.
Therefore, effect of lacing wire damage on mistuning has been shown in Figures 11(a)-11(d) for the submodes of the fundamental mode only for tuned systems = 0.1, 0.25, 0.5, and 1.0. From Tables 3, 4 , 5, and 6 and corresponding Figures  11(a)-11(d) , it can be noted that, with a damage in a lacing wire, the first submode frequency is invariant, but other submode frequencies vary and in fact they decrease when compared to a blade packet with no damage in lacing wire. The change in natural frequencies is augmented with stiffer connection (i.e., higher ) and is more prominent in fundamental mode compared to higher modes. It is interesting to note that with the complete breakage in the lacing wire, one of the values among the cluster of three values gets repeated for all the submodes as shown in the last column of Tables 3, 4 , 5, and 6. The system with broken lacing wire gets converted to two configurations, that is, one with stand-alone blade and the other with two blades connected with lacing wire as shown in Figure 10 . Thus, the first submode frequency of the fundamental mode appears twice for the two subsystems created due to brakeage of lacing wire connection. This is revealed clearly in Figures 11(a)-11(d) , where the second submode frequency converges to the first submode frequency. This finding may be used for detecting complete breakage of lacing wire.
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Lacing Wire Connection within the Span of Blades
In order to investigate the effect of lacing wire location on the natural frequencies of grouped blades, the study is further extended for the three blade packets with the lacing wire connected at a location inside the span of the blade as shown in Figure 12 .
The analytical model formulation is carried out in a way similar to that for lacing wires at the tip, with the exception Advances in Acoustics and Vibration that each beam is divided into two beams at the interface of the location of the lacing wire spring connection with the beam. Thus, each of the blades has two segments and eight constants in the mode shape description, with four in each segment. These coefficients are reduced to four in number, employing the four boundary conditions: two at blade root and another two at blade tip. There are four equations due to compatibility conditions at lacing wire location for each of the blades and as a result there are twelve equations and twelve unknowns to be obtained for the grouped system. For nontrivial solution, the determinant of the coefficients is zero and the expansion of the determinant leads to the characteristic equation. BC's are as follows for the upper blade's left segment of length "a" at 1 = 0, 1 ( 1 ) = 0 and 1 ( 1 ) = 0; therefore, 3 = − 1 and 4 = − 2 .
For the right segment of length "b" at 2 = 0, 2 ( 2 ) = 0 and 2 ( 2 ) = 0; therefore, 7 = 5 and 8 = 6 . Similarly, for middle and lower blades, we get 11 = − 9 , 12 = − 10 , 15 = 13 ,
However four equations due to compatibility conditions of displacement, slope, BM, and SF at the location of lacing wire connection for the upper blade are as follows:
The first three equations of compatibility conditions are the same for the middle and lower blades, whereas (16) of shear force are different and are given as follows:
These equations can be arranged to get frequency equation in determinant form as Advances in Acoustics and Vibration 13 is considered as 2/3rd of the blade span ( Figure 13 ) and accordingly normalized length of the two segments is used in the frequency equation to get the set of values indicated in Table 7 . It is observed from Table 7 that natural frequencies of all the submodes are reducing with the shifting of location of lacing wire towards the blade root. This observation is quite obvious as the ratio of lacing wire stiffness to blade stiffness will be reducing with the shifting of lacing wires towards the root of the blade compared to the ratio when lacing wires are at the tip of blade. This is due to the increase in stiffness of the blade with the shifting of spring force towards the fixed end compared to spring force at free end. Therefore, smaller value of stiffness ratio goes into calculation for natural frequencies resulting in a drop in natural frequencies.
It is also evident that the reduction in the fundamental mode frequencies is more compared to the subsequent modes. This is due to the fact that the system stiffness increases in higher modes and as a result there is a drop in . Moreover, the higher frequencies of submodes in the cluster are more sensitive than earlier, as lacing wire stiffness contribution is more in higher submodes. It is also observed that the first submode frequency in all the modes does not change, whereas other frequencies are getting changed albeit for higher modes the change is the least. On the basis of this result, it is concluded that only submodes of the fundamental mode can be used as an indicator for lacing wire stiffness reduction.
Lacing Wire Connection at the Middle of Blade Span.
As observed in the above section, natural frequency of all the submodes decreases with shifting in location of lacing wire connection towards blade root. It is the fundamental mode which is observed to be more sensitive to change in location. To investigate the effect of connection on antinode and node points of various modes, this study is extended with lacing wire connection at the middle of the blade which is close to the antinode of the second mode of vibration ( Figure 14) . Table 12 presents the effect of varying stiffness ratio on natural frequency of submodes of three modes of vibration.
It is clear from Table 12 that the submodes of the second mode also get affected with the rise in stiffness ratio value like the submodes of the fundamental mode, whereas submodes of the third mode remain unaffected.
General Comparison.
Finally, a comparative picture of effect of lacing wire damage on the change in natural frequencies for all three lacing wire positions considered here is presented in Figure 15 , where it can be seen that qualitative behavior remains the same in all three cases, and irrespective of lacing wire position, natural frequencies decrease with the damage growth and the decrease is the maximum when the lacing wire is at the blade tip (Tables 8, 9 , 10, 11, 13, 14, 15, and 16).
Conclusion
It is established from the investigation of simplified turbine blade group dynamics and modal characteristics that splitting of natural frequencies in each mode occurs and the number of frequencies into which split occurs is equal to the number of blades forming the packet with lacing wire connections. It is found that natural frequencies of the submodes connected with fundamental mode can be used as an excellent indicator of a lacing wire damage in both qualitative and quantitative ways. Table 15 : Effect of lacing wire damage induced mistuning (for = 0.5) on natural frequencies (lacing wire at mid span).
Mode Submode values = 0 = 0.2 = 0.4 = 0.6 = 0.8 = 1.0
